The subcritical stationary properties of the contact process in one dimension are studied by perturbative series expansions in powers of the creation rate. To avoid entering the absorbing state and thus obtaining a nonzero stationary distribution of particles three small modifications on the rules of the contact process are considered. The series expansions for the average number of particles and the spatial correlation length are analysed by Padé approximants from which the values of the critical creation rate and the critical exponents are obtained.
Introduction
The contact process [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] is one of the simplest nonequilibrium interacting systems described by a continuous time Markov process. In the usual interpretation, the contact process describes an interacting particle system in which particles are annihilated spontaneously and created catalytically on the sites of a regular lattice. The contact process in an infinite lattice exhibits a continuous phase transition from an absorbing state devoid or particles to an active state with a nonzero density of particles. The contact process is closely related to the Domany-Kinzel model [13] . Their critical behaviour place them in the directed percolation universality class [14, 15] .
In the basic contact process, which will concern us here, a particle is created on an empty site with rate λ times the fraction of nearest neighbour occupied sites. If the neighbouring sites are all empty no particle is created. A particle is annihilated with rate 1. If all particles are annihilated the system becomes trapped in the absorbing state devoid of particles. This will always happen in a finite lattice if we wait long enough, no matter what the transition rate is. However, in an infinite system and above a critical value of λ the system will not enter the absorbing state and will remain in the active state.
In the supercritical regime the distribution of particles is such that the particle density is finite. At the critical point the density vanishes but not the average number of particles. In this case the dynamics generates a particle distribution with fractal properties. In the subcritical regime not only the density vanishes but the number of particles vanishes as well. In this regime it is usual to study the time-dependent properties, such as the survival probability and the average number of particles, by starting with a single seed particle [2, 7, 8] . These quantities decay exponentially with time and vanish in the infinite time limit. No particle is then left in this limit.
In this paper we are concerned with the construction of subcritical stationary distribution of particles in an infinite system. To avoid entering the absorbing state and thus obtaining a nonzero subcritical stationary distribution of particles we introduce small modifications on the rules of the contact process. The three modifications considered here are small enough to cause no change in the supercritical properties. They define three variants of the contact process. In the first, we allow a spontaneous creation of particle at a specified site of the lattice. The rate of spontaneous creation is supposed to be very small. In this variant, as we will show below, the subcritical stationary distribution of particles is directly related to that studied by Jensen and Dickman [8, 9] . In the second, a specified site of the lattice is permanently occupied by a particle that is not allowed to be annihilated. In the third, the last particle is forbidden to be annihilated. This variant has been studied by means of Monte Carlo simulation by Tomé and de Oliveira [16] . It is worth mentioning that there are other ways of preventing entering the absorbing state and obtaining a subcritical stationary distribution. We mention the method in which a quasi-stationary state comes out of the surviving trials [17, 18] and that derived from the conservative version of the contact process [19] [20] [21] .
The main purpose of this paper is the study of the subcritical stationary probability distribution generated by the three variants by means of a perturbative series expansion and Padé analysis. Although the use of the series expansion and Padé analysis has a long and fruitful tradition in the study of phase transitions in equilibrium statistical mechanics [22, 23] , its use in nonequilibrium models described by a master equation is more recent but equally successful. Series expansions for the contact process and related models have been used not only for the subcritical but also for the supercritical behaviour [4, [6] [7] [8] [9] 24] .
The introduction of the modifications allows the use of a perturbative expansion in which the annihilation operator is treated as the unperturbed evolution operator and the creation operator as the perturbation. As is well known, in order to generate a perturbative series expansion, it is necessary to start from a reference state which is the stationary state of the unperturbed evolution operator. Due to the modifications this reference state is no longer the vacuum state as happens to the original contact process. As a result a nontrivial stationary state may now come out of the perturbative expansion.
The approach we use here to get the series expansion is very simple when compared to other methods. Usually, a perturbative series expansion is obtained by considering the Laplace transform˜ (s) of the time-dependent state vector (t). After obtaining the perturbative series expansion of the Laplace transform, the desired perturbative expansion is set up by taking the limit s → 0 of s˜ (s). The approach we used here avoid the Laplace transformation, and therefore the limit procedure, and the series is obtained in a direct and straightforward manner. Another important point of the present method is the use of a representation, which we call sigma representation, associated with the eigenvectors of the annihilation operator instead of the usual occupation representation. These simplifications allowed us to get longer series expansions from which precise values for the critical parameter and the critical exponents may be obtained.
Occupation representation
In the contact process particles are created catalytically on the sites of a regular lattice with rate λ and annihilated spontaneously with rate 1. Using an occupation variable η i that takes the value 0 or 1 according to whether the site i is empty or occupied by a particle then a configuration is denoted by η = (η 1 , η 2 , . . . , η N ) , where N is the number of sites of the lattice. The transition rate w i (η) at which the site i changes its state is given by
where
is the annihilation transition rate, and
is the creation transition rate. We are considering a one-dimensional lattice. The time evolution of the probability P (η, t) of a configuration η at time t is governed by the master equation
where η i is that configuration obtained from η by changing η i to 1 − η i . It is convenient to use the vector representation
in which the vector
represents a state of the system. Is is straightforward to show that the state vector |ψ(t) evolves in time according to d dt
where W 0 and V are the operators related to the annihilation and creation processes, respectively. They are given by
and
The local operators B i , Q i and the number operator n i are defined by
The symbols '•' and '•' represent an empty site (η i = 0) and an occupied site (η i = 1), respectively.
Sigma representation
Since W 0 is a sum of independent operators B i , its eigenvectors will be a direct product 
The transformation of the left vectors are
In this new representation B i is diagonal, that is,
The eigenvectors of W 0 are then
where σ i = 0 or 1, with eigenvalues
Next we need to known how the operator V acts on a vector |σ of the sigma representation. We begin by rearranging the terms in V in the form
From the definition of Q i and n i and using the transformation (13) it follows that
|1
and that n i |0 = 0 and
From these relations one gets the following important rules:
Perturbation series expansion
We are interested in obtaining a series expansion in λ of the stationary state |ψ which obeys the equation
Let |φ 0 be the stationary state of the process defined by W 0 , that is,
Then a perturbative series expansion for |ψ in powers of λ can be set up. Following Dickman [6] , it is straightforward to show that
where R, the resolvent operator, is the inverse of W 0 within the subspace spanned by the eigenvectors W 0 with nonzero eigenvectors. It is given by
where the summation is over the eigenstates of W 0 with nonzero eigenvalues. If we write
where |ψ 0 = |φ 0 , then one gets from equation (27) the following relation:
which allows us to obtain the vectors |ψ recursively by the use of rules (21), (22), (23) and (24) and expression (28) for the operator R.
The stationary state |φ 0 of the process defined by the evolution operator W 0 , given by (8) , is simply the state devoid of particles
But no particles can be created out of this state, that is, V |φ 0 = 0. Therefore, by (30), |ψ = 0 for = 0, and the stationary state |ψ is the state devoid of particles |φ 0 . To get a nontrivial stationary state we will consider in what follows the three variants of the contact process introduced above.
First variant
In the first variant, a spontaneous creation of particle at a given site, say at the origin i = 0, is added to the original process. This is realized by changing the annihilation part w
where the parameter q is considered to be a small quantity. This modification amounts changing the operator W 0 to
The stationary state |φ 0 , that is, the eigenvector of W 0 with zero eigenvalue, now reads
The right (left) dot in the notation '.x.' means that all sites on the right-hand side (left) are in the state 0. Therefore, up to linear terms in q, the stationary state |ψ is given by
We remark that, although the change in W 0 will cause a change in R, only the terms of zero order in q, given by the right-hand side of equation (28), will enter in the expression of the vector |ψ .
Using the rules obtained in previous sections we get the following results: |.111. .
Returning to the occupation representation we get
|.
• . − |.
•
It is worth mentioning that the stationary state |ψ , given by equation (35), is directly related to the Laplace transform |˜ (s) of the time-dependent vector probability | (t) of the original contact process. The state | (t) is the solution of the evolution equation obtained by starting at time t = 0 with a state with a single particle. According to Jensen and Dickman [8, 9] , the following series expansion
can be set up, where for small values of s
These expressions are formally identical to equations (29), (36) and (30), and we may conclude that |ψ = q|˜ (q) for small values of q. In words, the stationary probability of the modified process is formally proportional to the Laplace transform of the time-dependent probability distribution of the original process.
Second variant
The second variant may be interpreted as a specific type of boundary condition in which the site i = 0 is permanently occupied by a particle. In this case it suffices to consider the semi-infinite lattice defined by the sites i = 1, 2, 3, . . . . The creation part w c 1 (η) at site i = 1 now reads
The operator W 0 and V are given by
The stationary state |φ 0 defined by W 0 is the state devoid of particles, that is,
where we have included the state of site i = 0 in the vector |1. . Again the dot on the right means that all sites on the right-hand side are in the state 0. Due to the presence of the operator Q 1 in V which has the property Q 1 |0 = |1 , the stationary vector |ψ will be distinct from the empty state |1. . Using the rules of the previous sections we get the following results:
Third variant
In the third variant the last particle is not allowed to be annihilated. This prohibition is accomplished by changing the annihilation transition rate w
where the quantity γ (η) vanishes whenever η is a state with just one particle and equals 1 otherwise. The operator W 0 is now given by
where the operator is defined by |η = γ (η)|η so that it gives zero when acting on a state |.
• . with just one particle. The operator V is unchanged. To set up the eigenvalues of W 0 we begin by noting that W 0 |.1. = 0 so that |.1. is the stationary state of the process defined by W 0 . Moreover, whenever |σ is a state distinct from |.1. then it follows that |σ = |σ . Using these properties and the transformation from the occupation representation to the sigma representation, it is straightforward to show that the right eigenvectors of W 0 with nonzero eigenvalues are
where |σ is a vector distinct from |.1. and I (σ ) = 1 or −1 according to whether | (σ )| is even or odd, respectively. The corresponding left eigenvectors and eigenvalues are merely σ | and (σ ), respectively. From these results it follows that the operator R is now given by
where the summation is over the eigenstates of W 0 with nonzero eigenvalues. Using the rules of the previous sections we get the following results: Returning to the occupation representation we get
• . − 
Critical behaviour

First variant
From the series expansion of the stationary probability vector |ψ we may determine three quantities. The first quantity is the average number of particles, given by
The second quantity is the survival probability, given by
The third quantity is the correlation length ξ , defined in one dimension by
where is the operator that acting on a vector |η gives the size of the cluster of particles in |η , that is, the distance between the first and last particles. 
At the critical point these quantities have a singular behaviour governed by critical exponents. We assume that
where ε = λ c − λ is the deviation of the creation rate λ from its critical value λ c . Due to the relation |ψ = q|˜ (q) it follows that the critical behaviour of these quantities are the same as those of the Laplace transforms of the related quantities in the original contact process. From the critical behaviour of the Laplace transforms [8] , we may conclude that the exponents a and b are given by
where β is the order parameter exponent, ν is the time correlation length exponent and ν ⊥ is the spatial correlation length exponent. In the limit q → 0, the three quantities n, P and ξ vanish as expected. However, their ratios attain finite values. For instance, we may consider the ratio n s = n/P , which is the number of particles in surviving trials [11] , and the ratio ξ s = ξ/P , which is the size of a cluster of particles in surviving trials. Up to third order in λ they are given by
From the critical behaviour of n, P and ξ it follows that their critical behaviour is given by
Since the series expansion for this first variant is formally identical to that obtained by Jensen and Dickman [8] , we will not present further results for this variant. The coefficients of the series expansion as well as the Padé analysis can be found in the cited work.
Second and third variants
In these two variants the quantities of interest are the average number of particles n, defined by (65), and the correlation length ξ , defined by (67). For the second variant we get from the series for |ψ the following results up to third order in λ:
For the third variant we get, up to third order in λ,
The other coefficients for n and ξ , for both the second and third variants, are shown in tables 1 and 2.
Around the critical point we assume that the number of particles diverges as [16] 
and that the spatial correlation length diverges as
Note that the critical behaviour of n and ξ are the same as those of n s and ξ s of the first variant. Table 1 . Coefficients of λ for the average number of particle n for the second and third variants in the subcritical series expansion.
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Padé approximants
To obtain the exponents as well as the critical parameter λ c from the coefficients of the series for n and ξ we have used an analysis by Padé approximants [22, 23] . If a quantity Q behaves as Q ∼ (λ − λ c ) θ , then its logarithmic derivative behaves as
Therefore, the critical exponent θ and the critical parameter λ c are identified as the residue and pole, respectively, of a given Padé approximant of the logarithm derivative. Tables 3 and 4 show the estimates of λ c and the exponents obtained from the coefficients of tables 1 and 2 by the use of Padé approximants of the logarithmic derivative. The determination of the deviations of the results given by the Padé approximants from the true values represents Table 2 . Coefficients of λ for the spatial correlation length ξ for the second and third variants in the subcritical series expansion.
Second Third a difficult problem. We may look at the convergence of the results as one increases the order of the Padé approximants. However, the convergence may not be clear. We have alternatively adopt our results as averages of results coming from distinct estimates. Using this point of view, our result for the critical value of the creation rate is taken to be λ c = 3.2979(1) which is in good agreement with the values λ c = 3.297 85(2), obtained for the one-dimensional contact process [8] . Using the same approach we find the following results for the exponent related to the average number or particles ν ⊥ − β = 0.821(1) and for the exponent related to the spatial correlation length ν ⊥ = 1.097(2). These results should be compared with the results ν ⊥ − β = 0.820 35(10) and ν ⊥ = 1.096 84(6) obtained for the directed percolation in one dimension [10] . From equations (85) and (86) we see that the correlation length behaves as a function of the average number or particles as
for sufficient large n, where is the fractal dimension of the critical cluster. If a series expansion of ξ in powers of n is known then an estimate of d F can be obtained from a Padé analysis, with no need of the critical parameter λ c . From the results of tables 1 and 2 we can indeed set up a series expansion of ξ in powers of n − 1 by eliminating λ from both series. From the Padé analysis of the logarithm derivative of ξ with respect to n, we find the results shown in table 5. The fractal dimension coming from this analysis is d F = 0.7477(2) which is in good agreement with d F = 0.747 92(2) that follows by inserting the cited results coming from direct percolation [10] in equation (89). [9/10] 0.748 95 [10/11] 0.748 29 [11/12] 0.747 66 [12/13] 0.747 89 [13/14] 0.747 77 Third [8/9] 0.747 39 [9/10] 0.747 59 [10/11] 0.747 58 [11/12] 0.747 59 [12/13] 0.747 60 [13/14] 0.747 59
Conclusion
We have studied the subcritical stationary properties of three variants of the contact process in one dimension. The modifications that define the three variants are small enough to cause no change in the supercritical properties. The stationary distribution generated by these variants of the contact process are studied by a perturbative series expansion. For the second and third variants we have obtained the coefficients of the average number of particles and the spatial correlation length. The two series for both variants were then analysed by the Padé approximants for their logarithm derivatives. Our estimates for the critical creation rate as well as for the critical exponents are in good agreement with the previous results for the contact process and the directed percolation. Although the stationary states coming from three variants of the basic contact process studied here give distinct results, their critical behaviour are described by the same critical exponents. We remark finally that the stationary states of the first variant has a straight relationship with the quasi-stationary states coming from the surviving trials.
